This note contains improvements on the results in two recent papers by Nehari. 2 The first paper shows that if ƒ (z) is regular for \z\ <1, and if the mean of \f(z) | on the circle \z\ =r is less than or equal to 1 for each r < 1, then the mean of \f(z) | 2 on \z\ = r is less than or equal to 1 for r^6~1 /2 . We shall show that the conclusion is true for rg2~1 /2 , but not always for a larger value of r. More generally, we shall show that the mean of \f{z) \ p on \z\=^r is less than or equal to 1 for r^p~1 12 (where p>l is an integer), and that this result is the best possible. It will be sufficient to prove that if g{z) is a function which is regular for | JS| S1 and different from 0 for \z\ < 1, and such that the mean °f | g0 s ) I on | z\ = 1 is less than or equal to 1, then the mean of | #(0) | p on I z I = r is less than or equal to 1 f or r S P~1 12 . For suppose 0 < R < 1, and put we see that the mean of \f(Rz) \ p on \z\ =ris not greater than 1 f or r ^ p~1 12 , or that the mean of | f(z) \ v on \z\ = r is not greater than 1 for r^Rp~1 12 . The desired result follows by letting 22->1. We have to show that from the hypothesis (l/27r)/^| ^(e iö ) | dd = 1 the conclusion 1 C 2T
The first paper shows that if ƒ (z) is regular for \z\ <1, and if the mean of \f(z) | on the circle \z\ =r is less than or equal to 1 for each r < 1, then the mean of \f(z) | 2 on \z\ = r is less than or equal to 1 for r^6~1 /2 . We shall show that the conclusion is true for rg2~1 where the sums have the same range as before. Now ^1 is the number of ways of distributing n units among p terms, and hence is not greater than p n > which is the number of ways of distributing n different things among p sets. Hence for r^p~1 We turn now to the second paper mentioned. In this, it is proved that if/(O) =0 and if the mean of \f(z) | along each radius of the unit circle is not greater than 1, then the mean of \f(z) | along \z\ =r is less than or equal to 1 for r^|, but not always for a larger value of r. The negative part of the statement is immediate, the counter-example being f (z) = 2z. We shall show that the hypothesis f'(0) =0 is unnecessary, and that the stronger statement that the mean of \f(z) | 2 along \z\ = r is less than or equal to 1 for rtk\ is also true.
We prove first the following result. If the mean of \ F(z) \ 2 on \z\ =r
